Chapter 14

Polyphase Systems

INTRODUCTION

A polyphase system consists of two or more equal voltages with fixed phase differences
which supply power to loads connected to the lines. In the two-phase system two equal
voltages differ in phase by 90°, while in the three-phase system the voltages have a phase
difference of 120°. Systems of six or more phases are sometimes used in polyphase
rectifiers to obtain a rectified voltage with low ripple, but three-phase is the system
commonly used for generation and transmission of electric power.

TWO-PHASE SYSTEM

Fotation of the pair of perpendicular ceils in Fig. 14-1{a) in the constant magnetic
field results in induced voltages with a fixed 90° phase difference. With equal number of
turna of the coils, the phasor and instantaneous voltages have equal magnitudes as shown

in their respective diagrams in Figurea 14-1(b) and (¢).
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Fig.14-1. Two-phase System

The voltage phasor diagram in Fig. 14-1(b) has as a reference Vev = Ve /0° and the
voltage Vasx = Vo /90°. If the coil ends A’ and B’ are joined as line N, the two-phase
system is contained on the three lines A, B and N. The potential between lines A and B
exceeds the line to neutral voltages by the factor /2 and is obtained from the sum,
Vae = Vav + Vun = Ve [90° + Vi, [180° = V"EV-:mrﬂan-

THREE-PHASE SYSTEM

The induced voltages in the three equally spaced coils in Fig. 14-2(a) below have a
phase difference of 120°. The voltage in coil A reaches a maximum first, followed by B
and then C for sequence ABC. This sequence is evident from the phasor diagram with
its positive rotation counterclockwise where the phasors would pass a fixed point in the
order A-B-C-A-B-C- - -, and also from the instantaneous voltage plot of Fig. 14-2(c) below
where the maxima occur in the same order.
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THREE-PHASE SYSTEM VOLTAGES

Selection of one voltage as the reference with a phase angle of ‘zero determines the
phase angles of all other voltages in-the system. In this chapter Ve i3 chosen as reference.
The triangles in Figures 14-5(a) and (b) show all the voltages for sequences ABC and CBA

respectively.

A
Vas = V,[120° Van = Vy/240°
Ve = Vi /00 Voe = Volo®
VYea = Vyf2a0e Ve = V1200

N Van = (Vo/vV3) /900 Yan = (VB ) =0
Vaw = (VoVE){=20° Van = (Vi /VE)[30°
Ven = (Vu/VE)/=160° Vew = (V/V/3){150°

c B 4

{a) Sequence ABC {b) Sequence CEA

Fig. 14-5

Loa e
The syste E?mlmgs is the voltage between any pair of lines, A ‘and B, B and C or
C and A. And in the four-wire system the magnitude of the line to neutral voltage is
1:"\,/5 times line voltage. For example, a three-phase, four-wire, 208 volt, CBA system
has line voltages of 208 volts and line to neutral voltages of 208/ 1,f?_: or 120 volts. Referring
to Fig. 14-5(b), the phase angles of the voltages are determined. Thus, Vsc = 208/0°,
Van = 208/240°, Vea = 208/120°, Van'= 120/—90°, Vanv = 120/30° and Vew = 120/150°.

BALANCED THREE-PHASE LOADS

Example 1. A three-phase, three wire, 110 volt, ABC system supplies a delta connection of three
equal impedances of 5/45° ohms. Determine the line currents I, Ig and I, and draw the phasor
diagram.

Ica

I, —4

‘T.llﬂ 1.43

110/120° B/467 5fd5°

6/45°
IB_'-B
vl:d "fm:
110/240° 110/0°
¢
Fig. 14-6 Fig. 14-7

Sketch the eircuit and apply the voltages as shown in Fig. 14-6. The positive directions of the line
and phase currents are given on the circuit diagram. Then

Wi 110/120° e s
Ls = - = - 22/76° = b5.J + j21.2
Vg _ 110f0° 5 :
e = — = e = 22/-46° = 1556 — j1555
Ve 110/240°
L, = -fA o 10280 22/195° = —21.2 — j5.7

z - 5/45°
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Apply Kirchhoff’s current law at each corner of the load and write,

I_‘ = IAB + I‘c = 22&& -~ 22{_’195“ = 3841@
Iy = Igy + Ige = —22/76° + 22/—46° = 88.1/—75°
Ic = Iga + Igpg =  22/195° — 22/—45° = 38.1/165°

The phasor diagram in Fig. 14-7 above shows the balanced line currents of 38.1 amperes with
120° phase angles between them.

For a balanced delta-connected load, the line voltage and phase voltage are equal and
the line current is \/3 times the phase current.

Example 2. A three-phase, four-wire, 208 volt, CBA system serves a balanced wye-connected load
with impedances of 20/—30° ohms. Find the line currents and draw the phasor diagram.

By v Vew
AN I —ane
1207 00" A || | 20{=30° Mo
Iy—™N Vou [ 20/—80° I
120/80° .__;/' 20/=80° -
Ig™ g
Vew
120/150°
Vaw
IC——t- o r
Fig. 14-8 Fig.14-9

Sketeh the circuit and apply the line to neutral voltages using Fig. 14-5(b). Select line currents
as shown on the diagram in Fig. 14-8 where all eurrents return through the neutral eonductor. Then

Vaw 120/=80°

= = = = = 0 /—60°
I, : S 6.0/—60
_ Vay _ 120/80° .
Is: = g 0% e T
A 50°

Assuming the direction of the neutral current toward the load as positive, we have
Iy = —(I4+ 1z + 1) = —(6.0/—60° + 6.0/60° + 6.0/180°) = 0
The phasor diagram of Fig. 14-9 shows the balanced line currents where each current leads the
corresponding line to neutral voltage by the angle on the impedance,

In a balanced wye-connected load the line currents and phase currents are equal, the
neutral current is zero, and the line voltage is \/3 times the phase voltage, i.e., Vi = /3 Vp.

ONE-LINE EQUIVALENT CIRCUIT FOR BALANCED LOADS

According to the Y-A transformations of Chapter 12 a set of three equal impedances
Z; in a delta connection is equivalent to a set of three equal wye-connected impedances Zy,
#vhere Zy = (1/3)Zs. Then a more direct computation of the wye circuit is possible for
balanced three-phase loads of either type.
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The one-line equivalent circuit is one phase of the three-phase, four-wire, wye connected
circuit in Fig. 14-10, except that a voltage is used which has the line to neutral magnitude
and a phase angle of zero. The line current calculated for this circuit has a phase angle
with respect to the phase angle of zero on the voltage. Then the actual line currents
I4, In and I; will lead or lag their respective line to neutral voltages by this same phase
angle.

A
Van z 5

N / z V{02 =

B < \

c

Fig.14-10. One-line Equivalent Circuit

Example 3. Calculate the line currents of Example 1 by the one-line equivalent method.
Draw the one-line cireuit and mark a A at the load to show

that the actual impedances were in a delta-connection, The im- A
pedance of the wye-connected equivalent is T
Zy = Z,/3 = (5/3)/45°
and the line to neutral voltage is 63.5/0° (6/3)/48"
Vin = V/VE = 1103 = 635

Then the line current is — =

_Vin _ 63.5@ - o Fig. 14-11
L =— ~m—33.1{45

Since this current lags the voltage by 45°, the line currents I,, Iy and I. lag their respective
voltages V,y, Vg, and Vo by 45°. The angles on these voltages are obtained from the ABC triangle
of Fig. 14-5(a). The line to neutral voltages and the corresponding line currents are tabulated below.

Vanw = 63.5/80° I, = 38.1/80° — 45° = B38.1/45°
Vany = 63.5/=30° Iz = 38.1/-30° — 46° = B88.1/=75°
Vew = 63.6/—1560° I, = 38.1/-1560° — 46° = 38.1/—195°

These currents are identical to those obtained in Example 1. If the phase currents in the delta-
connected impedances are required, they may be found from [, = IL;’\.‘E = Eﬂ.lfﬁ = 22, The
phase angles on these currents are obtained by first setting the phase angles on the line to line voltages
and then determining the currents such that they lag by 45°. Hence, \

Vasz = 110/120° Lig = 22/120° — 46° = 22/75°
Yae = 110/0° Igc = 22/0° — 46° = 22/—4§°
Vea = 110/240° Iea = 22/240° — 45° = 22/195°

UNBALANCED DELTA-CONNECTED LOAD

The solution of the unbalanced delta-connected load consists of computing the phase
currents and then applying Kirchhoff’s current law to the junctions to obtain the three line
currents. The line currents will not be equal nor will they have a 120° phase difference
as was the case with balanced loads.



200 POLYPHASE SYSTEMS ICHAI 14

Example 4.
A three-phase, thrae-wire, 240 vaolt, ARC wystemy has o della-connented lond with %., = 10/0%,

Zpe = 104307 and Loy = L6f-H0Y, Obtain Lhe three line currents and draw the phasor disgram,

W= g

240f2a0°
'(-'—"'"c

Fig. 14-12 Fig. 14-13
Conztruet the cireuit diagram as in Fig. 14-12, und apply the phagor veltages. Then the phase
eurrents as shown on the diapgrum are independent and given by
Vae 24041200 j Yo Viis
B om— — = e —— =22 L L o
Yap = g 10705 244120°, Tpe = grC = BMT, Tea = g = 16/270°

Apply Kirchhoff's current law to the junctiong of the lowd and write
= 24!1%‘ = 1Bj2T0° — $8.7/108.1°

Ih = Lo+ e

IH - ’ﬂ.\- ' 5 IFFI:' = -2‘!129_:’ b ‘Edl"— it — e | [¥ | —45'}

Le = leg+ Iy = 162707 — 247307 = 2L2090.9¢

The eorresponding phasor disgram iz shown in Mg 14-12,

UNBALANCED FOUR-WIRE, WYE-CONNECTED LOAD

On a four-wire system the neutral conductor will carry a current when the load is
unbalanced and the vollage across each of the lond impedances remains fixed with the
same magnitude as the line to neutral voltage. The line currents are unegual and do not

have o 120° phase difference,

Fxample 3.
A theee-phase, four-wire, 208 wolt, CBA aystom has a wye-conneeted load with Z, = 6/0°,
Ly — G/230° and 7. = 6f48¥. Obtain Lthe thres line currentz and the neutral currenit. Draw the

phasor diagram.

A —
- vﬂ‘.'ﬂ

1207 90" Ly fupor
- — i | Iy

120587 *i;:: ,J:J w““-\ {482
n —_ -

120/150°
Cc - Vax
Fig.14-15

Fig. 14-14
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Construct the circuit diagram as"in Fig. 14-14 above. Apply the phasor voltages and select the
line currents as shown. The currents are independent and given by

_ Vav  120/-90° . Van a _ Vew i
IA—-Z—A——E&&_—EUE—HG. ]B—ﬁ—zﬂﬂ_l IC‘_E‘“_Z“LIDE

The neutral conductor contains the sum of the line currents I, Iy and Ir. Then assuming a posi-
tive direction of Iy toward the load,

Iy = —{Iy +1g+1z) = —(20/=90° + 20/0° + 24/106° ) = 14.1/—166.9°
The diagram phasor is shown in Fig, 14-15 above,

UNBALANCED THREE-WIRE, WYE-CONNECTED LOAD

With only the three lines A, B and C connected to an unbalanced wye load the common
point of the three load impedances is not at the potential of the neutral and is marked
“0" instead of N. The voltages across the three impedances can vary considerably from
line to neutral magnitude, as shown by the voltage triangle which relates all of the
voltages in the circuit. Of particular interest is the displacement of “O" from N, the
displacement neutral voltage.

Example 6.

A three-phase, three-wire, 208 volt, CBA system has a wye-connected load with Z, = 6/0°,
Zp =6/30% and Z; = 5/45°. Obtain the line currents and the phasor voltage across each impedance.
Construct the voltage triangle and determine the displacement neutral voltage, V.

Draw the circuit diagram and select mesh currents
I, and I; as shown in Fig. 14-16. Write the correspond-
ing matrix equations of I; and I; as follows.

6/0° + 6/30° —6/30° | _ [208/240°
—~6/30°  6/30° + 5/45° | | I, 208/0°

from which I, = 23.3/261.1° and I, = 26.5/—63.4°. s~ B~
Then line currents I, Iy and I directed as shown on the

L— A

206/240°

diagram are I— C
I.l. = I:I. = 23.3!2’51.1"' Fig_ 14-16
Ip = I, -1, = 26.5/—63.4° — 23.3/261.1°

= 15.456/-2.6"
IC = —Iz = 2&.5{116.6“

Now the voltages across the three impedances are
given by the products of the line currents and the cor-
responding impedances,

Vio = 1,E, = 23.3/261.1° (6/0°) = 139.8/261.1°
Veo = Igdy = 15.45/—2.5°(6/80°) = 92.7/27.5° Fig. 1417
Veo = I:E:; = 26.5/116.6° (5/456°) = 132.6/161.6°
The phasor diagram of these three voltages shown C i
in Fig. 14-17 forms an equilateral triangle. In Fig. 14-18 (4]

this triangle is redrawn and the neutral is added, thus
showing the displacement neutral wvoltage Vgy. This
voltage may be computed using any of the three points
A, B or C and following the conventional double sub-
script notation. Using point 4, we obtain

"f’.;._»; = VOA + VAN = —139.3f261.10+ 120}’"9““ A
= 28.1/30.8° Fig. 14-18
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DISPLACEMENT NEUTRAL METHOD, UNBALANCED THREE-WIRE WYE LOAD

In Example 6 the displacement neutral voltage Vox was obtained in terms of load
voltages. If we determine a relation for Vox independent of the load voltages, then the
required currents and voltages of Example 6 are obtained more directly as shown in
Example 7.

To obtain the displacement neutral voltage write
the line currents in terms of the load voltages and
load admittances.

L=VeY, L=V,Y, L.=V,Y. (2

Now apply Kirchhoff’s current law at point O in
Fig. 14-19 and write

L,+I,+I. = 0 (@)

or Nig ¥y ¥ +V ¥, u= 0 (2)

Referring to the diagram of Fig. 14-18, express the
voltages V,,, V,, and V_, in terms of their two com- Fig. 14-19
ponent voltages, i.e.,

Vo = Yz + Voo VWie = Yt Vi Veo = Veu+ Vo (4)
Substltutmg the expressions of (4) into {3} we obtain
(Van + Viod ¥, + (Vpy + Vo) Yy + (Vi + V)Y, = 0 (5)

: o Vgt Ve Ye+ Voo ¥,
from which Vo = Y 7Y, I Y. (6)
The voltages Van, Vunv and Ven in equation (6) are obtained from the triangle of
Fig. 14-5 for the sequence given in the problem. And admittances Y., Ys and Y are the
reciprocals of the load impedances Z,, Zs and Zc. Therefore, since all of the terms in (6)
are either given or readily obtained, the displacement neutral voltage may be computed
and then used to determine the line currents.

~ Example 7.

Obtain the line currents and load voltages in Exam-
ple 6 by the displacement neutral method.

Referring to Fig, 14-20, the equation for the dis-
placement neutral voltage is

Van ¥y + VanYp + Ven Yo

Von = PR e,
where
Y, = 1/(6/0°) = .1667/0° = .1667
Yp = 1/(6/30°) = .1667/—80° = .1443 — j.0833
‘Yo = 1/(6/45°) = .20/—45° = .1414 — j.1414
Y.+ Yy + Yo = .4524 — j.2247 Fig. 14-20
= .504/—26.5°
and Van ¥, = 120/—80° (1667/0°) = 20/-90° = — j20
Ven Yp = 120/30° (1667/—80°) = 20/0° = 20
Ven Yo = 120/150° (20/—45°) = 24/106° = —6.2 + j28.2

Van¥ao + Vau Y + Veu Yoo

138 + j8.2 = 14.1/13.1°

Then Voy = 14.1/13.1°/504/—26.6° = 28.0/39.6°
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Voltages V5, Vpo and Vi are obtained using ¥y, and the appropriate line to neutral voltage.

Vio = Van + Van = 120/—90° — 28.0/39.6° = 130.5/261.1°
Veo = Ven + Vyo = 120/30° — 28,0/39.6° = 92.5/27.1°
Veo = Vew + Vyo = 120/150° — 28,0/89.6° = 132.5/161.45°

The line currents are readily obtained from the voltages and the corresponding load admittances:

I, = Vao Y, = 139.5/261.1° (.1667/0°) = 28.2/261.1°

Ig = Vgo¥p = 92.5/27.1° (.1667/—30°) = 16.4/—2.9°
Ic = Voo Yo = 132.5/161.45° (.20/—45°) = 26.5/116.45°

The above currents and voltages compare favorably with the results of Example 6.

POWER IN BALANCED THREE-PHASE LOADS

Since the phase impedances of balanced wye or delta loads contain equal currents,
the phase power is one-third of the total power. The voltage across impedance Z. in
Fig. 14-21(a) is line voliage and the current is phase current. The angle between the
voltage and current is the angle on the impedance. Then the phase power is

P,=V, I, cong ()
and the total power is
P, = 38V,I,cos8 (8) z\\ 7
Since I, = /31, in balanced delta-connected loads, e
P, = 3V_I, cosd (2)
The wye-connected impedances of Fig. 14-21(b) (a)

contain the line currents, and the voltage across Z,
is a phase voltage. The angle between them is the

angle on the impedance. Then the phase power is Zyl | Pp
P, = VI, cosd (10)
and the total power is
P, =38V,I cosd (11)
Since V, = V3V,, i
Fig. 14-21
P. =3V, I cost (12)

Since equations (9) and (12) are identical, the total power in any balanced three-phase
load is given by V"EV;,I;, cosfi where # is the angle on the load impedance or the angle

on an equivalent impedance in the case where several balanced loads are served from the
same system.

The total volt-amperes Sy and the total reactive power @+ are related to Py in Chapter 7.
Therefore a balanced three-phase load has the power, apparent power, and reactive power
given by

P, = \3BV_I, cosd 8, = VaV.1, Q. = V3V, I, sind (18)














